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1 Introduction
The Higgs field in the Standard Model (SM) defines a set of field connections of the SM
states. The mass scales of the SM states are dictated by the vaccum expectation value
(vev) of the theory, which is defined to be
√
2〈H†H〉 = v¯T . When the SM is generalized to
the Standard Model Effective Field Theory (SMEFT) [1, 2], the Lagrangian contains two
characteristic power counting expansions. The SMEFT is of interest when physics beyond
the SM is present at scales Λ > v¯T . One of the power counting expansions in the SMEFT
is in the ratio of scales v¯T /Λ < 1. This ratio defines the nature of the SMEFT operator
expansion for measurements with phase space populations dictated by SM resonances (i.e.
near SM poles). The SMEFT is well-defined and useful when such effects are perturbations
to SM predictions.
A second power counting expansion is present in the SMEFT. This expansion is in
(p2/Λ2)d−4 . 1, with p2 a kinematic Lorentz invariant. It is linked to the novel Lorentz-
invariant connections between SM fields, due to higher-dimensional (and frequently deriva-
tive) operators. This expansion is most relevant when studying measurements with phase
space populations away from the poles of the SM states (when p2 6= m2SM), i.e. in tails of
kinematic distributions.
For the SMEFT to be a predictive and meaningful theory, it is necessary that both
of these expansions are under control.1 In this paper, we develop the geometric approach
to the SMEFT. This approach is useful as it makes the effects of these two distinct power
counting expansions more manifest. Here, we advance this approach by systematically
defining connections that depend on the scalar field coordinates, defining a scalar field space
geometry, that is factorized from composite operator forms. These connections depend
on the vev and functionally this is useful as it (largely) factorizes out the v¯T /Λ power
counting expansion from the remaining part of the composite operator, and the derivative
expansion. The propagating degrees of freedom, including the Higgs field, then interact
on field manifolds, which encode the effects of higher-dimensional operators. The scalar
field space is curved, and the degree of curvature is linked to the size of the ratio of scales
v¯T /Λ [5–11]. This curved field space modifies correlation functions, and the definition of
SM Lagrangian parameters such as gauge couplings, mixing angles, and masses. The flat
field space limit of the Lagrangian parameters simplifies to the definitions in the SM as
v¯T /Λ → 0.
In this paper, we also introduce a consistent all-orders general definition of SM La-
grangian parameters (in this expansion) embedded into the SMEFT. This is possible by
taking into account the geometry of the field space defined by the Higgs field. This defi-
nition is limited in form by consistency of the parameter definitions in the SMEFT v¯T /Λ
expansion. These constraints due to self-consistency allow several all-orders results to be
derived for critical experimental observables in Electroweak precision and Higgs data, which
we also report.
1For this reason, the fact that the number of parameters present in the SMEFT operator basis expansion
also grows exponentially on general grounds [3, 4] is a challenge for the SMEFT. We return to this point
below.
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2 The geometric SMEFT
The SMEFT Lagrangian is defined as
LSMEFT = LSM + L(d), L(d) =
∑
i
C
(d)
i
Λd−4
Q(d)i for d > 4. (2.1)
The particle spectrum has masses m ∼ gSM
√
〈H†H〉, and includes a SU(2)L scalar doublet
(H) with Hypercharge yh = 1/2, distinguishing this theory from the Higgs Effective Field
Theory (HEFT) [12–15], where only a singlet scalar is in the spectrum.2
The higher-dimensional operators Q(d)i in the SMEFT are labelled with a mass dimen-
sion d superscript and multiply unknown Wilson coefficients C
(d)
i . The sum over i, after
non-redundant operators are removed with field redefinitions of the SM fields, runs over
the operators in a particular operator basis. We use the Warsaw basis [2] in this paper for
L(6). The operators defined in ref. [18] are frequently used for L(8) results, when basis de-
pendent results are quoted. We frequently absorb powers of 1/Λ2 into the definition of the
Wilson coefficients for brevity of presentation and use C˜
(6)
i ≡ C(6)i v¯2T /Λ2 as a short-hand
notation at times for L(6) operators. We generalize this notation to L(2n) operators, so
that C˜
(2n)
i ≡ C(2n)i v¯2n−4T /Λ2n−4. Our remaining notation is largely consistent with ref. [9].
Field space metrics have been studied and developed outside the SMEFT in many
works.3 These techniques are particularly useful in the SMEFT, due to the presence
of the Higgs field which takes on a vev. When this occurs, a tower of high-order field
interactions multiplies a particular composite operator form. For low n-point interactions,
the field space metrics defined in refs. [5–8, 10] are sufficient to describe this physics.
It has been shown that this approach can be used to understand what operator forms
cannot be removed in operator bases [5], how scalar curvature invariants and the scalar
geometry is related to experiment and the distinction between SMEFT, HEFT and the
SM [6–8], and how to gauge fix the SMEFT in a manner invariant under background
field transformations [10]. (See also ref. [22].) This approach also gives all-orders SMEFT
(background field) Ward identities [11].
The generalization of this approach to arbitrary n-point functions is via the decompo-
sition
LSMEFT =
∑
i
fi(α · · · )Gi(I, A · · · ), (2.2)
where fi(α · · · ) indicates all explicit Lorentz-index-carrying building blocks of the La-
grangian, while the Gi depend on group indicies A, I for the (non-spacetime) symmetry
groups that act on the scalar fields, and the scalar field coordinates themselves. By fac-
torizing systematically the dependence on the scalar field coordinates from the remaining
2The direct meaning of this assumption of including a SU(2)L scalar doublet in the theory, is that the
local operators are analytic functions of the field H. The analyticity of the operator expansion was reviewed
in ref. [9]. See also refs. [6, 16, 17] for some discussion on the HEFT/SMEFT distinction.
3See for example refs. [19, 20]. It is remarkable that the similar theoretical techniques to those we
develop here also enable studies of GR as an EFT, see ref. [21].
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parts of a composite operator, the expectation value of Gi(I, A · · · ) reduces to a number,
and emissions of h. This collapses a tower of higher-order interactions into a numerical
coefficient for a composite operator — when considering matrix elements without prop-
agating h fields. The fi are built out of the combinations of fields and derivatives that
are outputs of the Hilbert series characterizing and defining a set of higher-dimensional
operators, see refs. [4, 18, 23–25]. This introduces a basis dependence into the results. The
Hilbert series generates operator bases with minimal sets of explicit derivatives, consistent
with reductions of operators in an operator basis by the Equation of Motion (EOM). For
example, the Warsaw basis for L(6) is consistent with the output of a Hilbert series expan-
sion.4 The fi retain a minimal scalar field coordinate dependence, and vev dependence,
through powers of (DµH) and at higher orders through symmetric derivatives acting on
H. As these operator forms depend on powers of ∂µh they do not collapse to just a number
when a scalar expectation value is taken.
2.1 Mass eigenstates
The field coordinates of the Higgs doublet are put into a convenient form with a common
set of generators for SU(2)L × U(1)Y , by using the real scalar field coordinates φI =
{φ1, φ2, φ3, φ4} introduced with normalization
H(φI) =
1√
2
[
φ2 + iφ1
φ4 − iφ3
]
, H˜(φI) =
1√
2
[
φ4 + iφ3
−φ2 + iφ1
]
. (2.3)
φ4 is expanded around the vacuum expectation value with the replacement φ4 → φ4 + v¯T .
The gauge boson field coordinates are similarly unified into WA = {W 1,W 2,W 3, B} with
A = {1, 2, 3, 4}. The corresponding general coupling is defined as αA = {g2, g2, g2, g1}.
We define short-hand notation as in ref. [11] for the transformation matrices that lead
to the canonically normalized mass eigenstate fields
UAC =
√
gABUBC , VIK =
√
h
IJ
VJK .
Here
√
gAB and
√
h
IJ
are square-root metrics, which are understood to be matrix square
roots of the expectation value — 〈〉 — of the field space connections for the bilinear terms
in the SMEFT. These connections are defined below in section 2.3. The matrices U, V are
unitary, and given by
UBC =


1√
2
1√
2
0 0
i√
2
−i√
2
0 0
0 0 cθ sθ
0 0 −sθ cθ

 , VJK =


−i√
2
i√
2
0 0
1√
2
1√
2
0 0
0 0 −1 0
0 0 0 1

 .
Also,
√
h
IJ√
hJK ≡ δIK and
√
gAB
√
g
BC
≡ δAC . The rotation angles cθ, sθ are functions of
αA and 〈gAB〉 and are defined geometrically in section 4.3.
4Such a basis also offers a number of other benefits when calculating in the SMEFT, that are most
apparent beyond leading order in the operator expansion; see the review [9] for more details.
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The SMEFT weak/mass eigenstate dynamical fields5 and related couplings are then
given by [10] (see also refs. [26–29])
αA = UAC βC , WA,µ = UACAC,µ, φJ = VJK ΦK (2.4)
where in the SM limit
αA = {g2 g2, g2, g1}, WA = {W1,W2,W3, B},
βC =
{
g2 (1− i)√
2
,
g2 (1 + i)√
2
,
√
g21 + g
2
2(c
2
θ¯ − s2θ¯),
2 g1 g2√
g21 + g
2
2
}
, AC = (W+,W−,Z,A) .
and φJ = {φ1, φ2, φ3, φ4},ΦK = {Φ−,Φ+, χ, h} for the scalar fields. All-orders results in the
v¯T /Λ expansion can be derived as the relationship between the mass and weak eigenstate
fields is always given by eq. (2.4). Remarkably, the remaining field space connections for
two- and three-point functions can also be defined at all-orders in the v¯T /Λ expansion.
2.2 Classifying field space connections for two- and three-point functions
We first classify the operators contributing to two- and three-point functions. The argu-
ments used here build on those in refs. [2, 18]. Consider a generic three-point function,
including the effects of a tower of higher-dimensional operators. We denote a SM field, de-
fined in the weak eigenstate basis, as F = {H,ψ,Wµν} for the discussion to follow. Recall
the SM EOM for the Higgs field,
D2Hk − λv2Hk + 2λ(H†H)Hk + qj Y †u u(iσ2)jk + d Yd qk + e Ye lk = 0 , (2.5)
indicating that dependence onD2Hk can be removed in a set of operator forms contributing
to three-point functions, in favour of just Hk, and higher-point functions. Further, using
the Bianchi identity
DµWαβ +DαWβµ +DβWµα = 0, (2.6)
one can also reduce D2Wαβ to EOM-reducible terms and higher-point interactions via
D2WAαβ = DµDνgµνWAαβ ,
= −Dµgµν
(
DαWAβν +DβWAνα
)
,
= −1
2
D{ν,α}WAβν −
1
2
D{ν,β}WAνα −
1
2
WAναWAβν −
1
2
WAνβWAνα,
⇒ EOM and higher-points (2.7)
Here D{ν,α} is the symmetric combination of covariant derivatives. An explicit appearance
of D[µ,ν]F is reduced to WAµνF , where A is dictated by the SM charge of F .
Similarly, D2ψ can be reduced as
D2ψ = DµDνg
µνψ = DµDν(γ
µγν + iσµν)ψ ⇒ EOM and higher-points, (2.8)
5The vev v¯T is subtracted from φ4 in the equation below involving φ
J .
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where σµν =
i
2(γµγν − γνγµ). In what follows, when D2F appears, it is replaced in terms
of EOM terms and higher-point functions for these reasons. Explicitly reducing operator
forms by the EOM, when possible, in favour of other composite operators, has a key role
in these arguments.
Now consider higher-derivative contributions to three-point functions. Explicit appear-
ances of D2F are removed due to the proceeding argument. Further, a general combination
of derivatives, acting on three general SM fields F1,2,3,
f(H)(DµF1)(DνF2)D{µν}F3, (2.9)
is removable in terms of EOM terms and higher-point functions, using integration by parts:
f(H)(DµF1)(DνF2)D{µν}F3 (2.10)
=− f(H)[(D2F1)(DνF2)+(DµF1)(DµDνF2)+(DµDνF1)(DµF2)+(DνF1)(D2F2)](DνF3)
− (Dµf(H)) [(DµF1)(DνF2) + (DνF1)(DµF2)] (DνF3)
⇒− f(H) [(DµF1)(DµDνF2) + (DµDνF1)(DµF2)] (DνF3) + EOM and higher-points
⇒− f(H)(D[µ,ν]F1)(DµF2)(DνF3) + f(H)(DµF1)(DµF2)(D2F3)
+ EOM and higher-points
⇒ EOM and higher-points.
As a result, in general, an operator with four or more derivatives acting on three (possibly
different) fields Fi can be reduced out of three-point amplitudes.
When considering field space connections that can reduce to three-point functions when
a vacuum expectation value is taken, we also use
f(φ)F1 (DµF2) (DµF3) ⇒ (Dµf(φ)) (DµF1)F2 F3 + 1
2
(D2f(φ))F1 F2 F3 + EOM , (2.11)
to conventionally move derivative terms onto scalar fields. After reducing the possible
field space connections using these arguments systematically, and integrating by parts, a
minimal generalization of field space connections for CP even electroweak bosonic two- and
three-point amplitudes is composed of
hIJ(φ)(Dµφ)
I(Dµφ)
J , gAB(φ)WAµνWB,µν , kAIJ(φ)(Dµφ)I(Dνφ)J WµνA ,
fABC(φ)WAµνWB,νρWC,µρ ,
and the scalar potential V (φ).
The minimal set of field space connections involving fermionic field in two- and three-
point functions is
Y (φ)ψ¯1ψ2, LI,A(φ)ψ¯1γ
µσAψ2(Dµφ)
I , dA(φ)ψ¯1σ
µνψ2WAµν ,
where flavour indicies are suppressed. Here we have defined σA = {σi, I}, and use this
notation below. The corresponding connections in the case of the gluon field are
kAB(φ)G
A
µνG
B,µν , kABC (φ)G
A
νµG
B,ρνGC ,µρ, c(φ)ψ¯1σ
µνTAψ2G
A
µν . (2.12)
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When considering two- or three-point functions the expectation values of the scalar
field connections are taken with 〈〉. Although we are focusing our presentation on CP even
field space connections, the case of CP odd connections is analogous and an additional
connection can be defined for gAB, fABC , kAB , and kABC . The connections hIJ , gAB are
symmetric and real, while fABC and kABC are anti-symmetric. The Y (φ), dA(φ), and c(φ)
connections are complex. LI,A is real for the SM fields, and complex in general in the
case of the right-handed charged current connection. kAIJ is antisymmetric in the subscript
indicies.
2.3 Definition of field space connections
The scalar functions include the potential GV = V (H
†H), with corresponding fV ≡ 1.
V (φ) = −LSMEFT|L(α,β···→0) (2.13)
Going beyond the potential, we define field space connections from the Lagrangian for
a series of composite operator forms. The field space metric for the scalar field bilinear,
dependent on the SM field coordinates, is defined via
hIJ(φ) =
gµν
d
δ2LSMEFT
δ(Dµφ)I δ(Dνφ)J
∣∣∣∣
L(α,β··· )→0
. (2.14)
The notation L(α, β · · · ) corresponds to non-trivial Lorentz-index-carrying Lagrangian
terms and spin connections, i.e. {WAµν , (DµΦ)K , ψ¯σµψ, ψ¯ψ · · · }. This definition reduces
the connection hIJ to a function of SU(2)L×U(1)Y generators, scalar fields coordinates
φi and v¯T .
The CP even gauge field scalar manifolds, for the SU(2)L ×U(1)Y fields interacting
with the scalar fields, are defined as
gAB(φ) =
−2 gµν gσρ
d2
δ2LSMEFT
δWAµσ δWBνρ
∣∣∣∣
L(α,β··· )→0,CP-even
, (2.15)
and (here A,B run over 1 · · · 8)
kAB(φ) =
−2 gµν gσρ
d2
δ2LSMEFT
δGAµσ δG
B
νρ
∣∣∣∣
L(α,β··· )→0,CP-even
. (2.16)
We also have
kAIJ(φ) =
gµρgνσ
2d2
δ3LSMEFT
δ(Dµφ)Iδ(Dνφ)JWAρσ
∣∣∣∣
L(α,β··· )→0
(2.17)
and
fABC(φ) =
gνρgσαgβµ
3!d3
δ3LSMEFT
δWAµνδWBρσWCαβ
∣∣∣∣∣
L(α,β··· )→0,CP-even
,
kABC (φ) =
gνρgσαgβµ
3!d3
δ3LSMEFT
δGAµνδG
B
ρσG
C
αβ
∣∣∣∣∣
L(α,β··· )→0,CP-even
. (2.18)
– 7 –
J
H
E
P03(2020)163
We also define the fermionic connections
Y ψ1pr (φI) =
δLSMEFT
δ(ψ¯I2,pψ1,r)
∣∣∣∣∣
L(α,β··· )→0
, Lψ,prJ,A =
δ2LSMEFT
δ(Dµφ)Jδ(ψ¯pγµσAψr)
∣∣∣∣
L(α,β··· )→0
, (2.19)
and
dψ1,prA (φI) =
δ2LSMEFT
δ(ψ¯I2,pσµνψ1,r)δWAµν
∣∣∣∣∣
L(α,β··· )→0
. (2.20)
2.4 Hilbert series counting
The Hilbert series is a compact mathematical tool that uses character orthonormality to
count group invariants. As shown in refs. [4, 23–25], it can be adapted to count SMEFT
operators up to arbitrary mass dimension while accounting for EOM and integration by
parts (IBP) redundancies. The ingredients required are simply the SMEFT field content
and each field’s representation under the SM gauge groups and 4-d conformal symmetry.
The output of the Hilbert series is the number of SMEFT operators with a given mass
dimension and field/derivative content. To convert this output into something useful for
phenomenology, one must make a choice of how to contract indices and where to apply any
derivatives. This choice introduces basis dependence.
The results from the section 2.2 (combined with similar results from ref. [22] for two-
point vertices) show that it is possible to construct a basis where the two- and three-
point vertices are particularly simple — meaning that they are impacted by a minimal
set of higher-dimensional operator effects. Following eqs. (2.10) and (2.11), three-point
(electroweak) bosonic vertices are captured entirely by operators of the form D2(H†H)n,
(H†H)nX2, D2(H†H)nX, (H†H)nX3 and (H†H)n (n an integer), with XL/R = {W a ±
W˜ a, B ± B˜, G ± G˜}. The Lorentz group representation is SO(4) ≃ SU(2)L × SU(2)R, so
that XL/R are in the (1, 0) and (0, 1) representations.
Studying the Hilbert series output for this restricted set, we find that the number of
invariants in each category approaches a fixed value, and then remains fixed independent
of mass dimension: there are 2 operators of the form D2(H†H)n for all n, 2 operators
(H†H)nW 2, 1 operator (H†H)nWB, etc. The fact that the number of operators relevant
to the field connections for the two- and three-point vertices saturates can be proven in
each case using techniques from ref. [18]. As one example, take (H†H)nW 2L and suppress
all indices other than Lorentz, in the form SU(2)L ⊗ SU(2)R, and SU(2)w: being bosonic,
the Hn and H†,n terms must be completely symmetric and therefore in representations
(0, 0, n2 ) of (SU(2)L, SU(2)R, SU(2)w). Their product lies in (0, 0, 0⊕1⊕2⊕· · ·n). W 2L must
also be symmetric, but it is more complicated as WL contains both Lorentz and SU(2)w
indices (here we use the notation SU(2)w to avoid a double use of SU(2)L). Keeping all
symmetric combinations, we find (0 ⊕ 2, 0, 0 ⊕ 2) + (1, 0, 1). Combining the two pieces,
the product (H†H)nW 2L clearly contains two invariants, one where the (H
†H)n form a net
SU(2)w singlet, and one where (H
†H)n lie in a quintuplet (spin-2).6 Since BL transforms
6This second possibility requires at least four Higgs fields (n ≥ 2), and therefore total operator mass
dimension ≥ 8.
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Mass Dimension
Field space connection 6 8 10 12 14
hIJ(φ)(Dµφ)
I(Dµφ)J 2 2 2 2 2
gAB(φ)WAµνWB,µν 3 4 4 4 4
kIJA(φ)(D
µφ)I(Dνφ)JWAµν 0 3 4 4 4
fABC(φ)WAµνWB,νρWC,µρ 1 2 2 2 2
Y upr(φ)Q¯u+ h.c. 2N
2
f 2N
2
f 2N
2
f 2N
2
f 2N
2
f
Y dpr(φ)Q¯d+ h.c. 2N
2
f 2N
2
f 2N
2
f 2N
2
f 2N
2
f
Y epr(φ)L¯e+ h.c. 2N
2
f 2N
2
f 2N
2
f 2N
2
f 2N
2
f
de,prA (φ)L¯σµνeWµνA + h.c. 4N2f 6N2f 6N2f 6N2f 6N2f
du,prA (φ)Q¯σµνuWµνA + h.c. 4N2f 6N2f 6N2f 6N2f 6N2f
dd,prA (φ)Q¯σµνdWµνA + h.c. 4N2f 6N2f 6N2f 6N2f 6N2f
LψRpr,A(φ)(D
µφ)J(ψ¯p,RγµσAψr,R) N
2
f N
2
f N
2
f N
2
f N
2
f
LψLpr,A(φ)(D
µφ)J(ψ¯p,LγµσAψr,L) 2N
2
f 4N
2
f 4N
2
f 4N
2
f 4N
2
f
Table 1. Counting of operators contributing to two- and three-point functions from Hilbert series.
These results are consistent with ref. [4].
under Lorentz symmetry alone, there is only one operator of the form (H†H)nB2L, and the
SU(2)w triplet component of (H
†H)n combines with the Lorentz singlet piece of WLBL
to form one operator of the form (H†H)nWLBL. Together, these make up the 4 terms in
the gAB(φ)WAµνWB,µν entry of table 1 for mass dimension ≥ 8.7 Similar arguments can be
made for the other operator categories in table 1, which are also consistent with the results
reported in ref. [4].
The argument can also be made using on-shell amplitude methods for counting higher-
dimensional operators, and there is clearly a profitable connection between SMEFT geom-
etry and the recent developments using on-shell methods to study the SMEFT to exploit.
See refs. [30–37] for recent developments of this form.
Because the number of terms of each operator form for the field connections saturates
to a fixed value, the expressions for the connections for the two- and three-point vertices
at all orders in the v¯T /Λ expansion of the SMEFT can be written compactly and exactly.
This implies that the general exponential nature of the operator basis expansion [3, 4] is
more strongly expressed in the growth of higher-point functions and the SMEFT derivative
expansion.8
7In addition to the X2L operators, there are an identical number of hermitian conjugate terms involving
XR. Only one combination of the X
2
L, X
2
R terms are CP conserving.
8The very simple form of the resulting field space connections can clearly be examined using Borel
re-summation, once assumptions on perturbativity of the Wilson coefficients are made. This offers the
potential to construct error estimates due to the series truncation on the field space connection. We leave
an exploration of this observation to a future publication.
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3 Field space connections
The explicit forms of the field space connections are basis dependent. In this section we
give results in a specific operator basis set, the Warsaw basis at L(6), and some operators
at L(8) defined in ref. [18].
The potential is defined in a power counting expansion as
V (H†H) = λ
(
H†H − v
2
2
)2
− C(6)H (H†H)3 − C(8)H (H†H)4 · · · (3.1)
The minimum is redefined order by order in the power counting expansion
〈H†H〉 = v
2
2
(
1 +
3C
(6)
H v
2
4λ
+ v4
9 (C
(6)
H )
2 + 4C
(8)
H λ
8λ2
+ · · ·
)
≡ v¯
2
T
2
. (3.2)
This generalization of the expectation value simplifies at leading order in 1/Λ2 to the vev
of the SM. Including the leading 1/Λ2 correction, the result is that of ref. [26], the 1/Λ4
correction is as given in ref. [18], etc. At higher orders in the polynomial expansion of
H†H that results from taking the derivative of the potential, numerical methods must be
used to find a minimum due to the Abel-Ruffini theorem. Note that this also means that
expanding out the vev dependence in a formal all-orders result to a fixed order necessarily
requires numerical methods.
The expectation values of the field space connections is also denoted by 〈〉 and a critical
role is played by
√
h
IJ
= 〈hIJ〉1/2, and √gAB = 〈gAB〉1/2. The √h and √g depend on v¯T .
3.1 Scalar bilinear metric: hIJ(φ)
The relevant terms in L(6,8) for the scalar metric are [18]
L(6,8) ⊇ C(6)H(H†H)(H†H) + C(6)HD(H†DµH)⋆(H†DµH) (3.3)
+C
(8)
HD(H
†H)2(DµH)†(DµH) + C
(8)
H,D2(H
†H)(H†σaH)(DµH)† σa (DµH).
For the Warsaw basis [22], extended with the L(8) defined in ref. [18], hIJ is
hIJ =
[
1 +
φ4
4
(C
(8)
HD − C(8)H,D2)
]
δIJ − 2C(6)HφIφJ +
ΓIA,JφKΓ
K
A,Lφ
L
4
(
C
(6)
HD + φ
2C
(8)
H,D2
)
.
(3.4)
We note δIJ = Γ
I
A,KΓ
K
A,J for all A and φ
2 = φ21 + φ
2
2 + φ
2
3 + (φ4 + v¯T )
2. As we define
hIJ as in eq. (2.14), the choice in the Warsaw basis to integrate by parts and retain
an explicit (H†H) derivative form is notationally awkward. The integration by parts
operator identity
QH = (H
† i
←→
D µH)(H† i
←→
D µH)− 4(H†DµH)⋆(H†DµH) (3.5)
can be used with the results in the appendix to write
hIJ =
[
1 +
φ4
4
(C
(8)
HD − C(8)H,D2)
]
δIJ +
ΓIA,JφKΓ
K
A,Lφ
L
4
(
C
(6)
HD − 4C(6)H + φ2C(8)H,D2
)
−2(φγ4)J(γ4φ)IC(6)H. (3.6)
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Alternatively, one can use field redefinitions, expressed through the EOM operator iden-
tity for L(6) for the Higgs,9 to exchange QH for H†H(DµH)†(DµH). This leads to a
redefinition of the Wilson coefficient dependence of the vev and
hIJ =
[
1 + φ2C
(6)
H +
φ4
4
(C
(8)
HD − C(8)H,D2)
]
δIJ +
ΓIA,JφKΓ
K
A,Lφ
L
4
(
C
(6)
HD + φ
2C
(8)
H,D2
)
. (3.7)
Although the dependence on C
(6)
H coincides in 〈hIJ〉 in eqs. (3.4), (3.6) a different depen-
dence on C
(6)
H is present in 〈hIJ〉 in eq. (3.7). There is also a redefined vev in this case, and
a further correction to the Wilson coefficient dependence in modified Class five operators in
the Warsaw basis, etc. It is important to avoid overinterpreting the specific, operator basis,
and gauge dependent, form of an individual field space connection. Such a quantity, like a
particular Wilson coefficient, in a particular operator basis, is unphysical on its own. (See
appendix B for more discussion.) Despite this, a geometric formulation10 of the SMEFT
exists in any basis, and still dictates a consistent relationship between the mass eigenstate
field and the weak eigenstate fields. This relationship also allows all-orders results in the
v¯T /Λ expansion to be derived.
The general form of the scalar metric with d = 8 + 2n dimensional two derivative
operators, can be defined as having the form
Q
(8+2n)
HD = (H
†H)n+2(DµH)†(DµH), (3.8)
Q
(8+2n)
H,D2 = (H
†H)n+1(H†σaH)(DµH)† σa (DµH), (3.9)
which leads to the result
hIJ =
[
1 + φ2C
(6)
H +
∞∑
n=0
(
φ2
2
)n+2 (
C
(8+2n)
HD − C(8+2n)H,D2
)]
δIJ
+
ΓIA,JφKΓ
K
A,Lφ
L
2
(
C
(6)
HD
2
+
∞∑
n=0
(
φ2
2
)n+1
C
(8+2n)
H,D2
)
. (3.10)
The scalar field space metric defines a curved field space.
3.2 Gauge bilinear metric: gAB(φ)
The relevant L(6+2n) terms for the Gauge Higgs interactions are
Q
(6+2n)
HB = (H
†H)n+1Bµν Bµν , (3.11)
Q
(6+2n)
HW = (H
†H)n+1Wµνa W
a
µν , (3.12)
Q
(6+2n)
HWB = (H
†H)n(H†σaH)Wµνa Bµν , (3.13)
Q
(8+2n)
HW,2 = (H
†H)n(H†σaH)(H†σbH)Wµνa Wb,µν , (3.14)
Q
(6+2n)
HG = (H
†H)n+1Gµν
A
GAµν . (3.15)
9See the appendix and eq. (5.3) of ref. [2].
10Christoffel symbols can be derived from the field space metrics.
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The Gauge-Higgs field space metric is given by
gAB(φI) =
[
1− 4
∞∑
n=0
(
C
(6+2n)
HW (1− δA4) + C(6+2n)HB δA4
)(φ2
2
)n+1]
δAB
+
∞∑
n=0
C
(8+2n)
HW,2
(
φ2
2
)n (
φIΓ
I
A,Jφ
J
) (
φLΓ
L
B,Kφ
K
)
(1− δA4)(1− δB4)
+
[ ∞∑
n=0
C
(6+2n)
HWB
(
φ2
2
)n]
(φIΓ
I
A,Jφ
J) (1− δA4)δB4, (3.16)
and for the gluon fields GA,µ =
√
k
AB Gµ
B
, where
kAB(φ) =
(
1− 4
∞∑
n=0
C
(6+2n)
HG
(
φ2
2
)n)
δAB . (3.17)
3.3 Yukawa couplings: Y (φ)
The Yukawa interactions of the Higgs field are extended in interpretation in a straightfor-
ward manner. Here the relevant L(6+2n) operators are
Q
(6+2n)
eH
pr
= (H†H)n+1(ℓ¯p er H), (3.18)
Q
(6+2n)
uH
pr
= (H†H)n+1(q¯p ur H˜), (3.19)
Q
(6+2n)
dH
pr
= (H†H)n+1(q¯p dr H). (3.20)
We define the Yukawa connection in eq. (2.19), where
Y epr(φI) = −H(φI)[Ye]†pr +H(φI)
∞∑
n=0
C
(6+2n)
eH
pr
(
φ2
2
)n
, (3.21)
Y dpr(φI) = −H(φI)[Yd]†pr +H(φI)
∞∑
n=0
C
(6+2n)
dH
pr
(
φ2
2
)n
, (3.22)
Y upr(φI) = −H˜(φI)[Yu]†pr + H˜(φI)
∞∑
n=0
C
(6+2n)
uH
pr
(
φ2
2
)n
. (3.23)
3.4 (Dµφ)I ψ¯ Γµψ
The class seven operators in the Warsaw basis, and extended to higher mass dimensions,
are of the form
Q1,(6+2n)Hψ
pr
= (H†H)nH†
←→
iDµHψ¯pγµψr,
Q3,(6+2n)Hψ
pr
= (H†H)nH†
←→
iDµaHψ¯pγµσaψr,
Q2,(8+2n)Hψ
pr
= (H†H)n(H†σaH)H†
←→
iDµHψ¯pγµσaψr,
Qǫ,(8+2n)Hψ
pr
= ǫabc (H
†H)n (H†σcH)H†
←→
iDµbHψ¯pγµσaψr. (3.24)
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where
←→
D µa =(σaD
µ−←−Dµ σa). Connections corresponding to these operators are defined as
Lψ,prJ,A = −(φ γ4)JδA4
∞∑
n=0
C
1,(6+2n)
Hψ
pr
(
φ2
2
)n
− (φ γA)J(1− δA4)
∞∑
n=0
C
3,(6+2n)
HψL
pr
(
φ2
2
)n
(3.25)
+
1
2
(φ γ4)J(1− δA4)
(
φKΓ
K
A,Lφ
L
) ∞∑
n=0
C
2,(8+2n)
HψL
pr
(
φ2
2
)n
+
ǫABC
2
(φ γB)J
(
φKΓ
K
C,Lφ
L
) ∞∑
n=0
C
ǫ,(8+2n)
HψL
pr
(
φ2
2
)n
.
Similarly one can define the right-handed charged current connection
Lud,prJ =
δ2L
δ(Dµφ)Jδ(u¯pγµdr)
=
φ˜I
2
(−ΓI4,J + iγI4,J)
∞∑
n=0
C
(6+2n)
Hud
pr
(
φ2
2
)n
, (3.26)
where Q(6+2n)Hud
pr
= (H†H)n(H˜iDµH)u¯pγµdr.
3.5 WµνA ψ¯σµνσAψ
The class six operators in the Warsaw basis, and extended to higher mass dimensions, are
of the form
Q(6+2n)eW
pr
= (H†H)nℓ¯pσµνσAerWµνA H(1− δA4), Q(6+2n)eB
pr
= (H†H)nℓ¯pσµνσAerWµνA H δA4,
Q(6+2n)dW
pr
= (H†H)nq¯pσµνσAdrWµνA H(1− δA4), Q(6+2n)dB
pr
= (H†H)nq¯pσµνσAdrWµνA H δA4,
Q(6+2n)uW
pr
= (H†H)nq¯pσµνσAurWµνA H˜ (1− δA4), Q(6+2n)uB
pr
= (H†H)nq¯pσµνσAurW
µν
A H˜ δA4,
and
Q(8+2n)eW
pr
= (H†H)n (H†σAH) ℓ¯pσµνerWµνA H(1− δA4),
Q(8+2n)dW
pr
= (H†H)n (H†σAH)q¯pσµνdrWµνA H(1− δA4). (3.27)
The dipole operator connections are given by
de,prA =
∞∑
n=0
(
φ2
2
)n[
δA4C
(6+2n)
eB
pr
+ σA(1− δA4)C(6+2n)eW
pr
− [φKΓKA,LφL] (1− δA4)C(8+2n)eW2
pr
]
H,
dd,prA =
∞∑
n=0
(
φ2
2
)n[
δA4C
(6+2n)
dB
pr
+ σA(1− δA4)C(6+2n)dW
pr
− [φKΓKA,LφL] (1− δA4)C(8+2n)dW2
pr
]
H,
du,prA =
∞∑
n=0
(
φ2
2
)n[
δA4C
(6+2n)
uB
pr
+ σA(1− δA4)C(6+2n)uW
pr
− [φKΓKA,LφL] (1− δA4)C(8+2n)uW2
pr
]
H˜.
As the Higgs does not carry colour charge, the corresponding connections to gluons are
simply
cu,pr(φ) = H˜
∞∑
n=0
C
(6+2n)
uG
pr
(
φ2
2
)n
, cd,pr(φ) = H
∞∑
n=0
C
(6+2n)
dG
pr
(
φ2
2
)n
. (3.28)
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3.6 WνAµWρBν WµCρ, GνAµ GρBν GµCρ
The relevant operators are
Q
(6+2n)
W = ǫabc(H
†H)nW aµνW
νρ,bW µ,cρ , (3.29)
Q
(8+2n)
W2 = ǫabc(H
†H)n(H†σaH)W bµνW
νρ,cB µρ , (3.30)
Q
(6+2n)
G = fABC (H
†H)nGAµνG
νρ,BG µ,Cρ . (3.31)
The connection for the electroweak fields is given by
fABC(φ) = ǫABC
∞∑
n=0
C
(6+2n)
W
(
φ2
2
)n
− 1
2
δA4ǫBCD(φKΓ
K
D,Lφ
L)
∞∑
n=0
C
(8+2n)
W2
(
φ2
2
)n
. (3.32)
While in the case of gluon fields it is
kABC (φ) = fABC
∞∑
n=0
C
(6+2n)
G
(
φ2
2
)n
. (3.33)
For both of these connections, there is also a corresponding CP odd connection of a simi-
lar form.
3.7 (Dµφ)
IσA(Dνφ)
JWAµν
In the Warsaw basis operators of the form (DµH)
†σA(DνH)WAµν are removed using field
redefinitions. This connection is however populated by operator forms that cannot be re-
moved using field redefinitions, and a derivative reduction algorithm leading to an operator
basis, at higher dimensions.
The form of the connection is given by
kAIJ(φ) = −
1
2
γI4,JδA4
∞∑
n=0
C
(8+2n)
HDHB
(
φ2
2
)n+1
− 1
2
γIA,J(1− δA4)
∞∑
n=0
C
(8+2n)
HDHW
(
φ2
2
)n+1
−1
8
(1− δA4)
[
φKΓ
K
A,Lφ
L
] [
φMΓ
K
B,Lφ
N
]
γIB,J
∞∑
n=0
C
(10+2n)
HDHW,3
(
φ2
2
)n
(3.34)
+
1
4
ǫABC
[
φKΓ
K
B,Lφ
L
]
γIC,J
∞∑
n=0
C
(8+2n)
HDHW,2
(
φ2
2
)n
.
Here, the operator forms are defined as
Q
(8+2n)
HDHB = i (H
†H)n+1(DµH)†(DνH)Bµν ,
Q
(8+2n)
HDHW = iδab(H
†H)n+1(DµH)†σa(DνH)W
µν
b ,
Q
(8+2n)
HDHW,2 = iǫabc(H
†H)n(H†σaH)(DµH)†σb(DνH)Wµνc ,
Q
(10+2n)
HDHW,3 = iδabδcd(H
†H)n(H†σaH)(H†σcH)(DµH)†σb(DνH)W
µν
d . (3.35)
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4 Phenomenology
4.1 Higgs mass, and scalar self couplings
The Higgs mass follows from the potential and is defined as
δ2V (Φ · Φ)
(δh)2
∣∣∣∣
Φ→0
= 2
(√
h
44
)2
v¯2T
[
λ
2
(
3− v
2
v¯2T
)
−
∞∑
n=3
1
2n
(
2n
2
)
C˜
(2n)
H
]
. (4.1)
This result follows from
√
h
34
vanishing, due to the pseudo-goldstone nature of φ3. Similarly
the three-, four-, and m-point (m ≥ 5) functions are given by
−δ
3V (Φ · Φ)
(δh)3
∣∣∣∣
Φ→0
=
(√
h
44
)3
v¯T
(
−6λ+
∞∑
n=3
1
2n
(
2n
3
)
C˜
(2n)
H
)
,
−δ
4V (Φ · Φ)
(δh)4
∣∣∣∣
Φ→0
=
(√
h
44
)4(
−6λ+
∞∑
n=3
1
2n
(
2n
4
)
C˜
(2n)
H
)
,
−δ
mV (Φ · Φ)
(δh)m
∣∣∣∣
Φ→0
=
(√
h
44
)m ∞∑
n=3
1
2n
(
2n
m
)
C˜
(2n)
H . (4.2)
4.2 Fermion masses, and Yukawa couplings
The fermion masses characterise the intersection of the scalar coordinates with the colour
singlet, Hypercharge 1/2 fermion bilinears that can be constructed out of the SM fermions.
The corresponding mass matrices are the expectation value of these field connections
[Mψ]rp = 〈(Y ψpr)†〉, (4.3)
while the Yukawa interactions are
[Yψ]rp = δ(Y
ψ
pr)†
δh
∣∣∣∣∣
φi→0
=
√
h
44
√
2
(
[Y ψ]rp −
∞∑
n=3
2n− 3
2n−2
C˜
(2n),⋆
ψH
pr
)
. (4.4)
4.3 Geometric definition of gauge couplings
The covariant derivative acting on the scalar fields is
(Dµφ)I =
(
∂µδIJ −
1
2
WA,µγ˜IA,J
)
φJ , (4.5)
with the real generators γIA,J given in ref. [10], and also in the appendix. The tilde super-
script on γ indicates that a coupling dependence has been absorbed into the definition of the
generator. The bilinear terms in the covariant derivative in coupling and field dependence
g2W1,2µ = g¯2W±µ etc. remain unchanged due to L(6) transforming to the mass eigenstate
canonically normalized terms [26]. This corresponds to the invariant αAWA = α ·W being
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unchanged by these transformations. This also holds for corresponding transformations of
the QCD coupling and field g3G
µ = g¯3Gµ. At higher orders in the SMEFT expansion an
invariant of this form is also present by construction. The bar notation is introduced on the
couplings to indicate couplings in LSMEFT that are canonically normalized as in ref. [26].
Here this notation also indicates the theory is canonically normalized due to terms from
L(d>6) that appear in gAB.
The geometric definition of the canonically normalized mass eigenstate gauge cou-
plings are
g¯2 = g2
√
g11 = g2
√
g22, (4.6)
g¯Z =
g2
c2θZ
(
cθ¯
√
g33 − sθ¯
√
g34
)
=
g1
s2θZ
(
sθ¯
√
g44 − cθ¯
√
g34
)
, (4.7)
e¯ = g2
(
sθ¯
√
g33 + cθ¯
√
g34
)
= g1
(
cθ¯
√
g44 + sθ¯
√
g34
)
, (4.8)
with corresponding mass eigenstate generators listed in the appendix. Here we have used
the fact that as
√
g11 =
√
g22 due to SU(2)L gauge invariance, it also follows that
√
g12 = 0.
These definitions are geometric and follow directly from the consistency of the SMEFT
description with mass eigenstate fields. These redefinitions hold at all orders in the SMEFT
power counting expansion. Similarly, consistency also dictates the field space geometric
definitions of the mixing angles
s2θZ =
g1(
√
g44sθ¯ −
√
g34cθ¯)
g2(
√
g33cθ¯ −
√
g34sθ¯) + g1(
√
g44sθ¯ −
√
g34cθ¯)
, (4.9)
s2θ¯ =
(g1
√
g44 − g2√g34)2
g21[(
√
g34)2 + (
√
g44)2] + g22[(
√
g33)2 + (
√
g34)2]− 2g1g2√g34(√g33 +√g44)
. (4.10)
The gauge boson masses are also defined in a geometric manner as
m¯2W =
g¯22
4
√
h11
2
v¯2T , m¯
2
Z =
g¯2Z
4
√
h33
2
v¯2T m¯
2
A = 0. (4.11)
To utilize these definitions, and map to a particular operator basis, one must expand
out to a fixed order in v¯2T /Λ
2. Nevertheless, such all-order definitions are of value. The
relations hold in any operator basis to define the Lagrangian parameters incorporating
SMEFT corrections in v¯2T /Λ
2 and clarify the role of these Lagrangian terms in the SMEFT
expansion.
When the covariant derivative acts on fermion fields, the Pauli matrices σ1,2,3 for the
SU(2)L generators,
11 and the 2 × 2 identity matrix I for the U(1)Y generator are used.
This is a more convenient generator set for chiral spinors. The covariant derivative acting
on the fermion fields ψ, expressed in terms of these quantities, is
Dµψ =
[
∂µ+ ig¯3 GµA T A+ i
g¯2√
2
(W+ T++W− T−)+ ig¯Z (T3 − s2θZQψ )Zµ + iQψ e¯Aµ
]
ψ.
(4.12)
11Defined in the appendix.
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Here Qψ = σ3/2+Yψ and the positive sign convention on the covariant derivative is present
and the convention
√
2W± = W1∓iW2 and √2Φ± = φ2∓iφ1 is used. Here T3 = σ3/2 and
2T± = σ1 ± i σ2 and Yψ = {1/6, 2/3,−1/3,−1/2,−1} for ψ = {qL, uR, dR, ℓL, eR}. Note
that the SU(2)L × U(1)Y generators of the fermion fields do not need to be the same as
those for the scalar and vector fields for the parameter redefinitions to consistently modify
the covariant derivative parameters in the SMEFT.
The covariant derivative acting on the vector fields is defined as
DµWAν = ∂µWAν − ǫ˜ABC WBµ WCν , (4.13)
where the covariant derivative sign convention is consistent with the definition, and also
WAµν = ∂µWAν − ∂νWAµ − ǫ˜ABC WBµ WCν .
4.4 W,Z couplings to ψ¯ψ
The mass eigenstate coupling of the Z and W to ψ¯ψ are obtained by summing over more
than one field space connection. For couplings to fermion fields of the same chirality, the
sum is over Lψ,prJ,A and the modified ψ¯i /Dψ, that includes the tower of SMEFT corrections
in UAC . A compact expression for the mass eigenstate connection is
−AA,µ(ψ¯pγµτ¯Aψr)δpr +AC,µ(ψ¯pγµσAψr)〈Lψ,prI,A 〉(−γIC,4)v¯T , (4.14)
where the fermions are in the weak eigenstate basis. Rotating the fermions to the mass
eigenstate basis is straightforward, where the VCKM and UPMNS matrices are introduced as
usual. The generators are
τ¯1,2 =
g¯2√
2
σ1 ± iσ2
2
, τ¯3 = g¯Z(T3 − s2θZQψ), τ¯4 = e¯Qψ. (4.15)
Expanding out to make the couplings explicit, the Lagrangian effective couplings for
{Z,A,W±} are
〈Z|ψ¯pψr〉 = g¯Z
2
ψ¯p /ǫZ
[
(2s2θZQψ − σ3)δpr + σ3v¯T 〈L
ψ,pr
3,3 〉+ v¯T 〈Lψ,pr3,4 〉
]
ψr, (4.16)
〈A|ψ¯pψr〉 = −e¯ ψ¯p /ǫAQψ δpr ψr, (4.17)
〈W±|ψ¯pψr〉 = − g¯2√
2
ψ¯p(/ǫW±)T
±
[
δpr − v¯T 〈Lψ,pr1,1 〉 ± iv¯T 〈Lψ,pr1,2 〉
]
ψr. (4.18)
The last expressions simplify due to SU(2)L gauge invariance. Similarly the SMEFT has
the right-handed W± couplings to (weak eigenstate) quark fields.
〈Wµ+|u¯pdr〉 = v¯T 〈Lud,pr1 〉
g¯2√
2
u¯p /ǫW+dr, 〈Wµ−|d¯rup〉 = v¯T 〈Lud,pr1 〉
g¯2√
2
d¯r /ǫW−up.
4.5 Dipole connection of W,Z to ψ¯ψ
The dipole operators generate a coupling of the Z and W to ψ¯ψ that is distinct from the
couplings above, due to the fermion fields being of opposite chirality. Interference between
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the dipole connection and the connections in the previous section requires a mass insertion.
The dipole couplings are defined as
〈Z|u¯pLurR〉 = −2g¯Z u¯pL/pZ/ǫZu
p
R
(
〈du,pr3 〉
c2θZ
g2
− 〈du,pr4 〉
s2θZ
g1
)
,
〈Z|d¯pLdpR〉 = −2g¯Z d¯pL/pZ/ǫZd
p
R
(
〈dd,pr3 〉
c2θZ
g2
− 〈dd,pr4 〉
s2θZ
g1
)
,
〈Z|e¯pLepR〉 = −2g¯Z e¯pL/pZ/ǫZe
p
R
(
〈de,pr3 〉
c2θZ
g2
− 〈de,pr4 〉
s2θZ
g1
)
, (4.19)
and
〈W+|q¯p dr〉 = −
√
2
g¯2
g2
(
〈dd,pr1 〉 + i〈dd,pr2 〉
)
u¯pL/pW /ǫW d
r
R,
〈W−|q¯p ur〉 = −
√
2
g¯2
g2
(〈du,pr1 〉 − i〈du,pr2 〉 ) d¯pL/pW /ǫW urR,
〈W+|ℓ¯p er〉 = −
√
2
g¯2
g2
(〈de,pr1 〉 + i〈de,pr2 〉 ) ν¯pL/pW /ǫW erR. (4.20)
Here the fermions in the dipole connections are in the weak eigenstate basis and a Hermitian
conjugate connection also exists in each case. The expectation values of dA are understood
to be the upper (lower) component of an SU(2) doublet for de1,2, d
d
1,2, and d
u
3,4 (d
u
1,2, d
e
3,4,
and dd3,4).
4.6 hAA, hAZ couplings
The effective coupling of h-γ-γ, including the tower of v¯2T /Λ
2 corrections, is given by
〈h|A(p1)A(p2)〉=−〈hAµνAµν〉
√
h
44
4
[〈
δg33(φ)
δφ4
〉
e2
g22
+ 2
〈
δg34(φ)
δφ4
〉
e2
g1g2
+
〈
δg44(φ)
δφ4
〉
e2
g21
]
,
(4.21)
where Aµν = ∂µAν−∂νAµ, and 〈hAµνAµν〉 = −4(p1·p2ǫ1·ǫ2−p1·ǫ2p2·ǫ1) when ǫ1(p1), ǫ2(p2)
are the polarization vectors of the external γ’s. Similarily the coupling to h-γ-Z is given by
〈h|A(p1)Z(p2)〉 (4.22)
= −〈hAµνZµν〉
√
h
44
2
e¯ g¯Z
[〈
δg33(φ)
δφ4
〉
c2θZ
g22
+
〈
δg34(φ)
δφ4
〉
c2θZ − s2θZ
g1g2
−
〈
δg44(φ)
δφ4
〉
s2θZ
g21
]
,
where 〈hAµνZµν〉 = −2(p1 ·p2ǫ1 ·ǫ2 − p1 ·ǫ2p2 ·ǫ1).
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4.7 hZZ, hWW couplings
The off-shell coupling of the Higgs to ZZ and WW are given by summing over multiple
field space connections. One finds
〈h|Z(p1)Z(p2)〉 =
−
√
h
44
4
g¯2Z
[〈
δg33(φ)
δφ4
〉
c4θZ
g22
− 2
〈
δg34(φ)
δφ4
〉
c2θZ s
2
θZ
g1g2
+
〈
δg44(φ)
δφ4
〉
s4θZ
g21
]
〈hZµνZµν〉
+
√
h
44 g¯2Z
2
[〈
δh33(φ)
δφ4
〉( v¯T
2
)2
+ 〈h33(φ)〉 v¯T
2
]
〈hZµZµ〉
+
√
h
44
g¯2Z v¯T
[
〈k334〉
c2θZ
g2
− 〈k434〉
s2θZ
g1
]
〈∂νhZµZµν〉, (4.23)
and
〈h|W(p1)W(p2)〉 = −
√
h
44
2
g¯22
[〈
δg11(φ)
δφ4
〉
1
g22
]
〈hWµνWµν〉
+
√
h
44
g¯22
[〈
δh11(φ)
δφ4
〉( v¯T
2
)2
+ 〈h11(φ)〉 v¯T
2
]
〈hWµWµ〉
+2
√
h
44 g¯22
g2
v¯T
4
[
i 〈k142〉 − 〈k242〉
] 〈(∂µh)(W+µνW ν− +W−µνW ν+)〉. (4.24)
As these couplings are off-shell, they are not directly observable.
4.8 Z → ψ¯ψ, W → ψ¯ψ partial widths
A key contribution to the full width of the Z,W bosons in the SMEFT are the two-body
partial widths that follow from the SMEFT couplings of the Z,W to fermions of the same
chirality. These results can be defined at all orders in the v¯T /Λ expansion as
Γ¯Z→ψ¯ψ =
∑
ψ
Nψc
24π
√
m¯2Z |gZ,ψeff |2
(
1− 4M¯
2
ψ
m¯2Z
)3/2
(4.25)
where
gZ,ψeff =
g¯Z
2
[
(2s2θZ Qψ − σ3)δpr + v¯T 〈L
ψ,pr
3,4 〉+ σ3v¯T 〈Lψ,pr3,3 〉
]
(4.26)
and ψ = {qL, uR, dR, ℓL, eR}, while σ3 = 1 for uL, νL and σ3 = −1 for dL, eL. Similarly one
can define
Γ¯W→ψ¯ψ =
∑
ψ
Nψc
24π
√
m¯2W |gW,ψeff |2
(
1− 4M¯
2
ψ
m¯2W
)3/2
(4.27)
with
gW,qLeff = −
g¯2√
2
[
V prCKM − v¯T 〈LqL,pr1,1 〉 ± iv¯T 〈LqL,pr1,2 〉
]
,
gW,ℓLeff = −
g¯2√
2
[
Upr,†PMNS − v¯T 〈LℓL,pr1,1 〉 ± iv¯T 〈LℓL,pr1,2 〉
]
,
where the VCKM and UPMNS matrices are implicitly absorbed into 〈LJ,A〉.
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4.9 Higher-point functions
Field space connections for higher-point functions can also be defined in a straight-forward
manner. However, due to the power-counting expansion in p2/Λ2 and the less trivial
kinematic configurations compared to two- and three-point functions, the number of inde-
pendent field space connections for e.g. four-point functions is infinite. This can be seen
by noting that the field space connections can be defined as variations of the Lagrangian
with respect to four fields in the set {DµφI , D{µ,ν}φI , D{µ,ν,ρ}φI , · · · }, or analogous sets for
WAµν or the fermion fields. The higher-derivative terms are the symmetric combinations of
covariant derivatives.
For two- and three-point functions, we used the integration-by-parts relations in
eqs. (2.10) and (2.11). This was crucial to make the number field space connections fi-
nite and small for two- and three-point functions. These arguments fail to reduce out
higher-derivative field space connections for four-point functions and higher.
The infinite set of field space connections is related to the exponential growth of oper-
ators, and poses a challenge for the practitioners of the SMEFT on general grounds.
5 Conclusions
In this paper we have developed the geometric formulation of the SMEFT. This approach
allows all orders results in the v¯T /Λ expansion to be determined. We have developed
and reported several of these results for Electroweak Precision and Higgs data. All-orders
expressions are valuable because one can expand directly from the complete result, and one
need not — potentially laboriously — rederive the result at each order in the v¯T /Λ. These
results make manifest the power, utility and potential of this approach to the SMEFT.
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A Generator algebra
The Pauli matrices σa, with a = {1, 2, 3}, are given by
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (A.1)
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The generators in the real representation are defined as
γI1,J =


0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0

 , γI2,J =


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 , γI3,J =


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 , γI4,J =


0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

 .
(A.2)
We use tilde superscripts when couplings are absorbed in the definition of generators and
structure constants,
ǫ˜ABC = g2 ǫ
A
BC , with ǫ˜
1
23 = +g2, and ǫ˜
4
BC = 0,
γ˜IA,J =
{
g2 γ
I
A,J , for A = 1, 2, 3
g1γ
I
A,J , for A = 4.
(A.3)
It is also useful to define a set of matrices
ΓIA,K = γ
I
A,J γ
J
4,K (A.4)
where
ΓI1,J =


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

 , ΓI2,J =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 , ΓI3,J =


−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

 , ΓI4,J = −I4×4. (A.5)
These matrices have the commutation relations [γA, γB] = 2ǫ
C
AB γC , [γA,ΓB] = 2ǫ
C
AB ΓC ,
[ΓA,ΓB] = 2ǫ
C
AB γC . Explicitly the mapping between the generators acting on the field
coordinates is H → σaH and φI → −(Γa)IJ φJ for a = {1, 2, 3}, while H → IH maps
to the real field basis transformation φI → −(Γ4)IJ φ. The matrix γ4 is used for the
Hypercharge embedding, and also plays the role of i in the real representation of the scalar
field. γ24 = −I while i2 = −1. Note that consistent with this the mapping: H → i σaH is
related to φI → −(γa)IJφJ , and H → i IH maps to φI → −(γ4)IJ φJ .
An equivalent to complex conjugation is given in the real field basis by
γI⋆,J =


−1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1

 , (A.6)
This generator commutes with the remaining generator and Γ2⋆ = I. Note φ˜ =
{φ3, φ4,−φ1,−φ2}, and
H†σaH = −1
2
φIΓ
I
a,Jφ
J , (A.7)
H†
←→
iDµH = −φI γI4,J(Dµφ)J = (Dµφ)I γI4,JφJ , (A.8)
H†
←→
iDµaH = −φI γIa,J(Dµφ)J = (Dµφ)I γIa,JφJ , (A.9)
2H˜†DµH = φ˜I(−ΓI4,J + i γI4,J) (Dµφ)J . (A.10)
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Expressing H˜†DµH in terms of φ and (Dµφ) requires the introduction of a singluar matrix,
so the introduction of φ˜ is preferred. When considering possible operator forms at higher
orders in the SMEFT expansion, it is useful to note that φIΓ
I
A,Jφ
J 6= 0, while φIγIa,JφJ =
φIγ
I
4,Jφ
J = 0.
The transformation of the generators to the mass eigenstate basis is given by
γIC,J =
1
2
γ˜IA,J
√
gABUBC . (A.11)
Expanding the results gives the mass eigenstate generators explicitly
γI1,J =
g¯2
2
√
2
(
γI1,J + iγ
I
2,J
)
, γI2,J =
g¯2
2
√
2
(
γI1,J − iγI2,J
)
, (A.12)
γI3,J =
g¯Z
2
(
c2θZγ
I
3,J − s2θZγI4,J
)
, γI4,J =
e¯
2
(
γI3,J + γ
I
4,J
)
. (A.13)
B Physical effects of 〈hIJ〉
When hIJ is chosen to have the form
hIJ =
[
1 +
φ4
4
(C
(8)
HD − C(8)H,D2)
]
δIJ − 2C(6)HφIφJ +
ΓIA,JφKΓ
K
A,Lφ
L
4
(
C
(6)
HD + φ
2C
(8)
H,D2
)
.
(B.1)
then
〈hIJ〉 =
[
1 +
v¯4T
8
(C
(8)
HD − C(8)H,D2)
]
δIJ − C(6)Hv¯2T δI,4δJ,4
− v¯
2
T
4
(δI,1δJ,1 + δI,2δJ,2)
(
C
(6)
HD + v¯
2
TC
(8)
H,D2
)
. (B.2)
While if hIJ is chosen to have the form
h′IJ =
[
1+φ2C
(6)
H +
φ4
4
(C
(8)
HD − C(8)H,D2)
]
δIJ +
ΓIA,JφKΓ
K
A,Lφ
L
4
(
C
(6)
HD + φ
2C
(8)
H,D2
)
. (B.3)
then
〈h′IJ〉=
[
1+
v¯2T
2
C
(6)
H +
v¯4T
8
(C
(8)
HD − C(8)H,D2)
]
δIJ− v¯
2
T
4
(δI,1δJ,1 + δI,2δJ,2)
(
C
(6)
HD + v¯
2
TC
(8)
H,D2
)
.
(B.4)
These two cases are related by a field redefinition, expressed through an EOM operator
identity at L(6)
H†HH†H = 2(DµH)†(DµH)H†H − 2λv2(H†H) + 4λ(H†H)3
+H†H
[
qj Y †u (iσ2)jku+ d Yd qk + e Ye lk + h.c.
]
. (B.5)
It is instructive to examine how the difference in the ∆〈hIJ〉 = 〈h′IJ〉 − 〈hIJ〉 cancels out
of quantities closely related to S matrix elements. Explicitly
∆〈hIJ〉 = C˜(6)H
[
δIJ
2
+ δI,4δJ,4
]
(B.6)
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The modification of 〈hIJ〉 can be seen to cancel in quantites closely related to S-matrix
elements, as expected. For example, one finds
∆[Yψ]rp =
[
∆
√
h
44
√
2
[Y ψ]rp − 3
2
√
2
[Y ψ]rp C˜
(6)
H
]
= 0. (B.7)
for the Yukawa couplings, due to the correlated shift in the L(6) Yukawa couplings. For
the W and Z masses
∆m¯2W =
g¯22
4
[
∆
√
h11
2
v¯2T +
√
h11
2
∆v¯2T
]
= 0, (B.8)
and
∆m¯2Z =
g¯2Z
4
[
∆
√
h33
2
v¯2T +
√
h33
2
∆v¯2T
]
= 0. (B.9)
with ∆v¯2T = −C˜(6)H v¯2T . Conversely, quantites (such as off-shell couplings) not closely
related to S-matrix elements, are not expected to demonstrate an equivalence under field
redefinitions, or the transformation of 〈hIJ〉, and this can be observed in several off-shell
couplings.
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